INTRODUCTION AND STATEMENT OF THE RESULTS
For a given potential ((~NB~ 0 ~; I~) and a fixed energy E, we look for multiple solutions to the problem where the unknowns are both the function x and its period ~,. The potential F presents a singularity at the origin and it behaves like a potential of the form F (x) for some a, oc &#x3E; 0, behavior that will be clear from the assumptions of the theorems.
In this work we shall deal separately with the two cases: (a) oc &#x3E; 2 (strong force case); (b) 1 a 2 (weak force case).
As far as the existence of one solution to (PE) is concerned, results have been obtained for the case (a) by Benci and Giannoni, [9] , where they also treated cases of weak forces, but with assumptions strongly different from the ones here. For both cases (a) and (b), existence results have been obtained by Ambrosetti and Coti Zelati, [4] ; however, in the case (b) they obtained the existence of generalized (i. e. possibly crossing the singularity). In order to avoid the collisions in the case (b), we shall make use of the approach introduced by the author in [22] , where the existence of one noncollision solution to (PT) was proved under assumptions similar to the ones here.
Concerning existence and multiplicity of solutions, we refer also to the work of Moser, [20] , where the case (x= 1 is treated when F presents some symmetry properties.
In the last years, a considerable amount of papers has appeared about the corresponding problem with the fixed period; we refer to [1] , [2] , [5] , [13] , [17] , [21] .
Concerning the case (a) we shall prove the following result: THEOREM 1. and assume moreover that a, b, a2, a, al satisfy
Then, for every positive energy E, (PE) has at least N -1 geometrically distinct solutions having minimal period in the interval
MULTIPLICITY OF PERIODIC SOLUTIONS
We say that two X-periodic functions x, y are geometrically distinct if, setting TS (x) (t) = x (s + t) and PS (x) (t) = x (s -t), and for every s
Remark. -It is not difficult to see that, when (HI) and (H2) hold, the solutions of (Pp) are constrained in the ball of radius ( 2 2E , so that the following Corollary easily follows from Theorem 1: COROLLARY 1. -Let U 1 ((~NB~ 0 ~; satisfy 3 a &#x3E; 2 such that and let F (x) = a + U (x) for some a &#x3E; 0. Then there exists E &#x3E; 0 such that, for every E &#x3E; E, then (P E) has at least N -1 geometrically distinct solutions having minimal period in the interval (2) .
When dealing with the case (b) some more care is needed. It is a matter of fact that, under assumptions similar to the ones of Theorem l, the variational approach to the limiting case a =1 fails [10] . It seems then quite natural to introduce a further pinching condition which becomes more and more restrictive as a &#x3E; 1 converges to one. Similar pinching conditions have been used to prove existence and multiplicity results for the fixed period problem: [13] , and [21] .
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S. TERRACINI and then, for every negative energy E, has at least N -1 geometrically distinct solutions having minimal period in the interval Moreover ~*, ~~ (i= 1 , 2) enjoy the following properties:
The properties of ~~, (J 1 and (J 2 simply mean that, for each fixed 1 a 2, the field of conditions (3), (4) and (5) is non-empty, and that, when a -~ 2 they converge to the limit condition:
We wish to point out that in both the situations of Theorems 1 and 2, the conditions on the sign of the energy are necessary conditions for the solvability of (P) . here TS (x) (t) = x (s + t) and PS (x) (t) = x (s -t). In this order, a convenient tool to treat the problem in the case of Theorem 1 will turn out to be the homotopical index related to the group G, which has been introduced by the author in [21] . As a matter of fact, the Concerning set functions (indices, category and related topics) and applications to the search of multiple critical points of functionals we also quote [6] ,- [7] , [18] and [19] .
This paper is organized as follows: [21] for proofs and comments):
Now we are in a position to introduce the homotopical pseudo-index. (iv) is a direct consequence of the following inequality:
(v) easily follows from Proposition 1. 2 (v).
ABSTRACT MULTIPLICITY THEOREMS
In this section the homotopical indices are shown to be profitable tools in order to find a multiplicity of critical points for singular functionals. The homotopical index j has been introduced in [21] ] for the search of multiple solutions in the case of positive singular functionals having a lack of coercivity at the level of large constant functions. This is, for example, the situation in the setting of Theorem 1. On the other hand, the homotopical pseudo-index j* is introduced in order to treat unbounded (above and below) functionals, whose restrictions on a given closed subset of H present a lack of coercivity only at the level of the large constant functions. This will be the abstract setting in the proof of Theorem 2. In the setting of the following Theorem 2 . l, I is a G-invariant functional defined on the set A of all the noncollision functions of H:
We denote, for any c e R, [6] [21] about the homotopical index; we refer to that paper for the proof of Theorem 3 . 1.
We denote by CN the set of all the great circles of S~ -~ :
The following results have been proved in [21] . Proof -The proof is contained in [21] . We recall here the main steps. The results of the Step 2 will be also used in proving the following Theorem 3 . 2.
We first prove the inequality j(CN)~N-1 (the reversed inequality is easier to prove).
Step / 2 E (see also [23] The following proposition provides the above mentioned a priori esti- , '- Proof. -The proof is contained in [22] (Section 4). For the reader's convenience, we recall here the main steps.
Step 1 The proof is contained in [22] , Appendix.
Step 2. -Let us define, for any p &#x3E; 0 It was proved in [22] 
